In this paper we revisit the paradox in subregion bulk reconstruction which showed that the bulk field at the same point was represented by CFT operators with support in different regions of the boundary. This paradox had led to the proposal that holography is akin to quantum error correction. We show that these different operators don't act similarly in all states, only the vacuum correlators match. We explain this fact by the proposal that all the different subregion representations of the bulk field at the same point are related to each other by conformal transformations. Conformal symmetry of the boundary explains why the vacuum correlators are equal. * nkajuri@cmi.ac.in 2 I. INTRODUCTION.
I. INTRODUCTION.
The bulk reconstruction program aims to find operators in the boundary CFT that represent the fields in the bulk [1? -5] . It turns out that boundary representations of bulk fields are non-local boundary operators that are smeared over some region in the boundary. For any point in a given causal wedge, it is further known that one can obtain a boundary representation which will be smeared only over the entire boundary of the causal wedge.
For two overlapping causal wedges, the bulk field at any point in the overlap region will have two different boundary representations, each smeared over the boundary of one of the wedges. This appears paradoxical, because it seems one has two different CFT operators (the two different representations) whose actions are identical. It would seem that the same information is somehow stored in the boundary CFT in different regions. This paradox was pointed out in [7] . There it was suggested that the way information is stored holographically must be analogous to a quantum error correction code for the paradox to be avoided.
Here we will argue that there is no paradox. To see this, first note that the claim that the actions of the two operators are identical is based on the fact that they have equal correlation functions in the vacuum. However this is not enough to show that the two operators have identical action in all states. Indeed, as we will argue in the next section, the actions of the two different operators are not identical. Only the vacuum correlation functions match.
Still, the fact that two different sets of operators have the same vacuum correlation function calls for an explanation. But two sets of operators can have the same vacuum correlation functions even if they are not identical. Indeed, if the two sets of operators are related by conformal symmetry, they will have equal vacuum correlation function.
In this paper we will argue that this is indeed the case for different subregion reconstructions. The key point is that all the different subregion representations of the bulk field at the same point can be mapped to each other by conformal symmetries. Conformal symmetry of the boundary theory is the explanation why the correlation functions of these different operators are the same.
Let us elaborate. Let A and B be two overlapping AdS-Rindler wedges, and let us denote their respective boundaries by a and b. We are considering boundary representations for a bulk field φ at these points. For points in the wedge A this representation will have the form
Where y are the boundary points. Similarly for points in the wedge B we have a representation:
The apparent paradox cames from noticing that, for points x 1 , x 2 , ...., x n in the overlap of A and B:
We will argue that this equality follows from conformal symmetry. To see this, first note that any two causal wedges A and B can be mapped to each other using isometries, which means any a and b can indeed be mapped to each other using conformal symmetries in the boundary. Therefore there exists a natural conformal map between operators smeared over boundaries of Rindler wedges.
Under the action of any element of the conformal group Λ on the boundary which maps points of a to b, we have
where J is the Jacobian of the conformal transformation Λ and ∆ is the conformal dimension of O.
From conformal symmetry we have that the correlators of these two operators are the same:
Thus we habe constructed a different CFT operator φ ′ b which is smeared over the region b, but whose correlators are exactly the same by conformal symmetry. We see then that φ ′ b (x) and φ b (x) are two CFT operators which are both supported in the region and whose correlators agree for x in the overlap between A and B. In the third section we will show that these two operators are indeed the same, thus explaining the observation (3).
So we see how the same bulk information can be present in two different regions in the boundary -it is because the different regions are related by symmetries of the boundary theory and symmetries preserve information.
In the next section we show that different subregion reconstructions don't act similarly for all states. The following section argues that the different subregion representations for a field at the same bulk point can be related to each other by conformal transformation. We conclude with a summary.
II. ARE THE DIFFERENT REPRESENTATIONS IDENTICAL?
In this section we argue that the different subregion representations of the bulk field at the same point are not identical.
To see this we again consider two overlapping AdS/Rindler wedges A and B whose boundaries are a, b respectively. Let x, x ′ be points in the overlap region. If φ a (x), φ b (x) were identical in their actions it would true that
As the right hand side is known to reproduce the correct bulk correlator, if this were true, the left hand side must also do the same. However φ a (x) and φ b (x ′ ) have support on the regions a, b respectively, so the only contribution to this correlator comes from the region where both the operators are non-zero, i.e the overlap of a and b.
Then if 0|φ(x, a)φ(x ′ , b)|0 did reproduce the correct bulk correlator, it would imply that one can construct all the bulk correlators in the overlap of A and B purely from the boundary of this overlap region. However we know that cannot be true, as the overlap of A and B can be far larger than even the entanglement wedge of the overlap of their boundaries a and b.
This shows that the two operators do not act identically and there is no paradox as such. The equality of vacuum correlators still needs an explanation, and we turn to this in the next section.
III. CONFORMAL SYMMETRIES AND SUBREGIONS
In this section we argue that the all the different subregion representations of a field at the same bulk point are relater to each other by symmetries. The first key point of the argument is to note that the boundaries of any two causal wedges can indeed be mapped to each other using conformal transformations.
In the following we will offer a proof for the simplest case where there are two overlapping AdS/Rindler wedges A and B of equal size (corresponding to accelerating observers with same magnitude of acceleration but in different directions). A spatial slice that intersects the two overlapping wedges is shown in Fig 1. Their boundaries are denoted as a and b. For simplicity of notation we consider a 2+1 dimensional AdS spacetime, this does not affect the argument. Then the two wedges can be mapped to each other by a rotation θ → θ + α, where θ is the angular coordinate.
The boundary representation of the bulk field φ in any bulk point x = (r, t, θ) in the overlapping region has two different representations. The representation in the subregion A is written as:
Here the integration region is a, the boundary of the Rindler wedge A. The representation in the subregion B is
Here the integration region is b. Now we consider a rotation in the boundary by angle α. The non local operator φ a (r, t, θ) transforms as:
The integration is now over b. We may define
Thus we have obtained a new operator b K R b (r, t, θ; t ′ , θ ′ )O(t ′ , θ ′ ) smeared over the region b. By rotational invariance the correlators of this operator in the overlap region of A and B are the same as that of
To fully explain the paradox it remains to show that
This can be checked explicitly, but here we present an argument as to why this should be the case. To see this we first note that, since it has the correct correlators, b K R O is itself a valid boundary representation of bulk fields in the region of overlap between the wedges. From this, and from the fact that it is obtained from the AdS/Rindler modes in the wedge A, we see that K R b satisfies all the definiing properties of K b viz. (i) It satisfies the bulk equation of motion.
iii) It has support only on the boundary of the AdS/Rindler wedge B.
To see the equivalence explicitly, let us consider a AdS/Rindler wedge with coordinates denoted as ρ, τ, ξ. Then the expression for the smearing function in terms of these coordinates is given by:
where ζ k (ρ, τ, ξ) are the AdS/Rindler modes in this wedge. Let F k (r, t, θ) be the function obtained by expressing ζ k in global coordinates.
Similarly we denote
Now note that A and B are both AdS/Rindler wedges which can be mapped to one another via a bulk rotation by angle α. Which means that if ζ A k and ζ B k are the respective AdS/Rindler modes in A and B, expressing them in global coordinates we will get the relation:
So we have
Now as the background metric is invariant under rotations the theta dependence of K R b is necessarily of the form f (θ − θ ′ ). f (θ − θ ′ ) is invariant under both theta, θ ′ being rotated by and angle α. So we have that
Which is what we wanted to prove. This was for two wedges of equal size which can be mapped to each other by translation. Generally there can be wedges of different sizes. In the boundary the respective non local operators will be related via conformal symmetries, such as a combination of scaling and translation.
One should be able to generalize the above argument to show that all possible different representations of the same bulk point on different causal wedges can be mapped to each other using conformal symmetries.
We note that conformal symmetry also explains the following equivalence, which can be shown to be true for any finite n, for points x, x ′ in the overlap between two wedges:
Where O a,ω,k and O b,ω,k are boundary representations of annihilation operators for AdS-Rindler modes. These representations in the wedge a is defined by:
O b,ω,k is defined similarly, with the integration being over the region b.
(??) is then explained by the fact that O a,ω,k and O b,ω,k are also mapped to each other by the conformal transformation that maps region a to b.
Finally we note the resolution another apparent paradox that was suggested in [7] : bulk microcausality dictates that the CFT representation of a bulk field at the origin commutes with the CFT representations of scalar fields on the boundary at t = 0. This would imply the existence of a CFT operators(representation of the bulk field at the origin) which commutes with all CFT operators at a given time which contradicts the time slice axiom of QFT.
However, a bulk field at a boundary point is given by: But this does not imply that φ(0) commutes with all O(t = 0, θ) because the r −∆ term ensures that the expression always vanishes in the boundary limit.
IV. SUMMARY
The fact that different CFT operators smeared over different boundary regions represented the same bulk field seemed to pose a paradox. In this paper we first argued that there is no paradox, and the actions of these operators are not in fact identical.
One still needs to explain why these sets of operators have the same vacuum correlation values. We argued (and partially proved) that all these different operators can be mapped to one another using conformal symmetries of the boundary. The fact that the operators have the same correlation functions is then explained through conformal symmetry.
